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Abstract
In this paper, we give detailed proofs of results announced in a previously published note. We improve the estimate in Ohsawa’s
generalization of the Ohsawa–Takegoshi L2 extension theorem by finding a smaller constant, and apply the result to the Suita
conjecture. We give and prove a simpler version generalizing the Ohsawa–Takegoshi L2 extension theorem for holomorphic func-
tions to an L2 extension theorem for ∂¯-closed smooth (n − 1, q)-forms. Finally, we prove that the twist factor in the twisted
Bochner–Kodaira identity can be a non-smooth plurisuperharmonic function.
© 2011 Elsevier Masson SAS. All rights reserved.
Résumé
Dans cet article, on donne des démonstrations détaillées de résultats annoncés dans une note antérieure. On améliore l’estimation
associée à une généralisation par Ohsawa du théorème d’extension L2 de Ohsawa–Takegoshi. Cette amélioration conduit à une
constante explicite plus petite, et peut s’appliquer à l’étude de la conjecture capacitaire de Suita. On démontre également une
version simplifiée qui généralise le théorème d’extension L2 de Ohsawa–Takegoshi qui s’applique aux (n−1, q)-formes ∂¯ fermées
de classe C∞. Enfin, on montre que le facteur de torsion utilisé pour l’identité de Bochner–Kodaira « tordue » peut être une fonction
plurisurharmonique non régulière.
© 2011 Elsevier Masson SAS. All rights reserved.
MSC: 32F32; 32U0; 32W05
Keywords: L2 extension theorem; Normal currents; Suita conjecture; Twisted Bochner–Kodaira identity
1. Introduction and main results
A well-known and fundamental fact in several complex variables states that a holomorphic function on a complex
analytic variety of a Stein manifold can be extended holomorphically to the whole Stein manifold. This important
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of a special property (say, invariant w.r.t. a group action or bounded or L2), could the holomorphic extension be still
of the special property? The present paper is about the L2 holomorphic extension. For an introduction to L2 methods,
we refer to Hörmander’s book and paper [17,18]. For recent applications of the L2 methods, we refer to Siu’s and
Demailly’s ICM reports [26,9]. For the invariant holomorphic extension, we refer to [29,28].
In [23], Ohsawa and Takegoshi proved the famous Ohsawa–Takegoshi L2 extension theorem, which has become
an important tool in several complex variables and complex geometry. Several years later, Ohsawa [22] made the
following generalization, which can imply the original Ohsawa–Takegoshi L2 extension theorem in [23] by taking
ψ = 0.
Theorem 1.1. Let D be a pseudoconvex domain in Cn, ϕ be a plurisubharmonic function on D and
H = {z ∈ Cn: zn = 0}. Then, for any plurisubharmonic function ψ on D such that supz∈D(ψ(z) + 2 log |zn|)  0,
there exists a uniform constant C independent of D, ϕ and ψ such that, for any holomorphic function f on D ∩ H
satisfying ∫
D∩H
|f |2e−ϕ−ψ(√−1)n−1 dz1 ∧ dz¯1 ∧ · · · ∧ dzn−1 ∧ dz¯n−1 < ∞,
there exists a holomorphic function F on D satisfying F = f on D ∩H , and∫
D
|F |2e−ϕ(√−1)n dz1 ∧ dz¯1 ∧ · · · ∧ dzn ∧ dz¯n
 2Cπ
∫
D∩H
|f |2e−ϕ−ψ(√−1)n−1 dz1 ∧ dz¯1 ∧ · · · ∧ dzn−1 ∧ dz¯n−1.
Since the canonical line bundle on Cn is trivial, Theorem 1.1 gives the extension of L2 ∂¯-closed smooth (n−1, q)-
forms with an estimate for q = 0. Several years later, the L2 extension with an estimate for the case q  1 was
presented in Manivel [19] and Demailly [7,10], see also [4]. In the case for q  1, one has regularity trouble. In this
paper, we give the following simpler version on the extension of L2 ∂¯-closed smooth (n−1, q)-forms with an estimate
for q  0.
Theorem 1.2. Let (X,g) be a Stein manifold of dimension n with a Kähler metric g and D ⊂⊂ X be a domain
in X. Assume D is weakly pseudoconvex. Let w be a holomorphic function on X such that dw is never zero on the
set H = {w = 0}. Then there exists a uniform constant E independent of X, D and w such that, for any ∂¯-closed
form f ∈ C∞(H,∧n−1,qT ∗H ), where 0  q  n − 1, there exists a ∂¯-closed form F ∈ C∞(D,∧n,qT ∗X) satisfying
F = dw ∧ f˜ on D ∩H with θ∗f˜ = f and∫
D
|F |2 dVX E sup
D
|w|2
∫
D∩H
|f |2 dVH ,
where θ : H −→ X is the inclusion map and H is endowed with the Kähler metric h induced from g by θ .
Remark 1.3. In the above theorem, D is called weakly pseudoconvex if there is a smooth plurisubharmonic exhaustion
function on D. TX and TH are the holomorphic tangent bundles of X and H respectively. T ∗X and T ∗H are the dual
bundles of them. dVX and dVH are the volume elements of X and H respectively.
Siu in [25] got an explicit constant C in Theorem 1.1. In [1], Berndtsson reduced the constant C in Theorem 1.1
to 4. Later on, Chen in [5] reduced the constant C in Theorem 1.1 to 3.3155. In the following theorem, we generalize
Theorem 1.1 to Stein manifolds and reduce the constant C to 1.954, which is smaller than those obtained in the above
results.
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Assume that w is a holomorphic function on X such that supX(ψ + 2 log |w|) 0 and dw does not vanish identically
on any branch of w−1(0). Put H = w−1(0) and H0 = {x ∈ H : dw(x) 
= 0}. Then there exists a uniform constant
C < 1.954 independent of X, ϕ, ψ and w such that, for any holomorphic (n− 1)-form f on H0 satisfying
cn−1
∫
H0
e−ϕ−ψf ∧ f¯ < ∞,
where ck = (−1) k(k−1)2 ik for k ∈ Z, there exists a holomorphic n-form F on X satisfying F = dw ∧ f˜ on H0 with
θ∗f˜ = f and
cn
∫
X
e−ϕF ∧ F¯  2Cπcn−1
∫
H0
e−ϕ−ψf ∧ f¯ ,
where θ : H0 −→ X is the inclusion map.
One motivation to estimate the constant C in Theorem 1.1 comes from the Suita conjecture (see [27]), which is
stated below.
Let Ω be a bounded domain in C, KΩ be the Bergman kernel function on Ω and cΩ(z) be the logarithmic capacity
of the complement C \Ω with respect to z defined by
cΩ(z) = exp lim
ξ→z
(
GΩ(ξ, z)− log |ξ − z|
)
,
where GΩ is the negative Green function on Ω . Then (cΩ(z))2  πKΩ(z) for any z ∈ Ω .
Using Theorem 1.4, we get
Corollary 1.5. (cΩ(z))2 CπKΩ(z), where the constant satisfies C < 1.954.
The twisted Bochner–Kodaira identity with a smooth twist factor was widely discussed (see [11,12,24,23,1,20,25,
21] and so on). In [23], an earlier version for the (0,1)-forms with compact supports was proved which is the key
tool to prove the Ohsawa–Takegoshi L2 extension theorem. Berndtsson [1] gave a proof of the Ohsawa–Takegoshi L2
extension theorem by using the twisted Bochner–Kodaira identity with a non-smooth plurisuperharmonic twist factor
− log |h| and 1−|h|2δ (δ < 1), where h is a holomorphic function having zeros. His proof involves in the theory of cur-
rents which solves ∂¯-equations for a ∂¯-closed (0,1)-currents. Singularity of plurisubharmonic functions and positive
closed currents is important in several complex variables and complex geometry. Motivated by Berndtsson’s use of
some special non-smooth twist factor, we shall prove that the twist factor can be actually an arbitrary non-smooth
plurisuperharmonic function as the following theorem states.
Theorem 1.6. Let Ω be a domain in Cn, ϕ be a C2 function on Ω and D ⊂⊂ Ω be a domain with C2 boundary
bD. Assume that η is a plurisuperharmonic function on Ω (i.e., −η is a plurisubharmonic function) and ρ is a C2
defining function for D such that |dρ| = 1 on bD. Then for any β =∑ni=1 βi¯ dz¯i ∈ C2(0,1)(D)∩ DomD(∂¯∗ϕ),∫
D
η|∂¯β|2e−ϕ dV +
∫
D
η
∣∣∂¯∗ϕβ∣∣2e−ϕ dV
=
∫
D
n∑
j,k=1
(−∂j ∂¯kη)βj¯ β¯k¯e−ϕ dV +
∫
D
n∑
j,k=1
η(∂j ∂¯kϕ)βj¯ β¯k¯e
−ϕ dV
+
∫
D
n∑
j,k=1
η|∂¯j βk¯|2e−ϕ dV +
∫
bD
n∑
j,k=1
η(∂j ∂¯kρ)βj¯ β¯k¯e
−ϕ dS
+ 2 Re
∫
D
n∑
j=1
(∂j η)βj¯ ∂¯
∗
ϕβe
−ϕ dV .
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A quasi-psh function is by definition a function which is locally equal to the sum of a psh function and a smooth
function. Theorem 1.6 seems not to be obvious. We’ll give a proof using the theory of normal currents. By modifying
the proof of Theorem 1.6, we can get the following theorem with non-smooth twist factors, which also includes the
twist factors used in [1].
Theorem 1.7. Let Ω be a domain in Cn, ϕ be a C2 function on Ω and D ⊂⊂ Ω be a domain with C2 boundary bD.
Assume that H is a closed set in Ω such that the (2n − 1)-dimensional Hausdorff measure of H ∩ bD is zero. Let η
be a real function in L1loc(Ω) ∩ C0(Ω \ H) such that ∂∂η is a current of order zero and ρ be a C2 defining functionfor D such that |dρ| = 1 on bD. Then the conclusion of Theorem 1.6 holds.
2. Notation and general setting
Let (X,g) be a Kähler manifold of dimension n with a Kähler metric g. In local coordinates (z1, . . . , zn), g can be
written as
n∑
i,j=1
gij¯ dz
i ⊗ dz¯j +
n∑
i,j=1
gj i¯ dz¯
i ⊗ dzj
and the Kähler form is ω =∑ni,j=1 √−1gij¯ dzi ∧ dz¯j .
Denote by TX the holomorphic tangent bundle of X and denote by T ∗X its dual bundle. Let TX and T ∗X be the
conjugate bundle of TX and the conjugate bundle of T ∗X respectively. Let T CX = TX ⊕ TX be the complexified tangent
bundle of X. Then (T ∗X)C = T ∗X ⊕ T ∗X is the dual bundle of T CX .
Let H be a complex submanifold of (X,g) and θ : H −→ X be the inclusion map. The induced Kähler metric h
on H is defined by h(ζ1, ζ2) = g(θ∗ζ1, θ∗ζ2), where ζ1, ζ2 ∈ T CH and θ∗ : T CH −→ T CX is the tangent map.
At any point x ∈ X, the Hermitian inner product and the corresponding norm on T CX |x are defined by
〈ζ1, ζ2〉 = g(ζ1, ζ¯2) and |ζ | =
√
g(ζ, ζ¯ ) for any ζ1, ζ2, ζ ∈ T CX |x . Then 〈 ∂∂zi , ∂∂z¯j 〉 = gij¯ . Put (gij¯ )n×n = (gij¯ )−1n×n.
Then the Hermitian inner product on (T ∗X)C|x is well defined by
〈
ζ 1, ζ 2
〉= n∑
i,j=1
(
gij¯
∂
∂zi
⊗ ∂
∂z¯j
+ gj i¯ ∂
∂z¯i
⊗ ∂
∂zj
)(
ζ 1, ζ¯ 2
)
for any ζ 1, ζ 2 ∈ (T ∗X)C|x . The Hermitian inner product on ∧k(T ∗X)C|x is defined by〈
ζ 1 ∧ · · · ∧ ζ k, β1 ∧ · · · ∧ βk 〉= det(〈ζ i, βj 〉)
k×k
for any ζ i, βj ∈ (T ∗X)C|x . The bundle ∧p,qT ∗X of (p, q)-forms is just a subbundle of ∧p+q(T ∗X)C.
At any point x ∈ X, let ζ ∈ T CX |x and α ∈ ∧k(T ∗X)C|x . The contraction αζ ∈ ∧k−1(T ∗X)C|x is defined by
(αζ )(ζ1, . . . , ζk−1) = α(ζ, ζ1, . . . , ζk−1)
for any ζ1, . . . , ζk−1 ∈ T CX |x . The sharp operator  : (T ∗X)C|x −→ T CX |x is defined by 〈ξ,β〉 = β(ξ) for any ξ ∈ T CX |x
and β ∈ (T ∗X)C|x . It is easy to check that 〈β1β,β2〉 = 〈β1, β ∧β2〉 for any β1 ∈ ∧k(T ∗X)C, any β2 ∈ ∧k−1(T ∗X)C and
any β ∈ (T ∗X)C.
Let
α =
∑′
|I |=p, |J |=q
αI J¯ dz
I ∧ dz¯J
and
β =
∑′
βIJ¯ dz
I ∧ dz¯J ,|I |=p, |J |=q
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multiindices. The αIJ¯ ’s are defined for arbitrary I and J such that they are antisymmetric and so are the βIJ¯ ’s. Put
βI¯J = βi¯1···i¯pj1···jq = gk1 i¯1 · · ·gkpi¯pgj1 l¯1 · · ·gjq l¯q βk1···kpl¯1···l¯q .
This is the way of raising indices by (gij¯ )n×n. The way of lowing indices by (gij¯ )n×n is defined similarly. We will
preserve these conventions in this paper. Then
〈α,β〉 =
∑′
|I |=p, |J |=q
αI J¯ β
I¯J .
The inner product of two (p, q)-forms α and β on (X,g) is given by
(α,β) =
∫
X
〈α,β〉dVX,
where dVX = ωnn! is the volume element of X. Then the space of square integrable (p, q)-forms on (X,g) is given by
L2(p,q)(X) =
{
(p, q)-form α on X: ‖α‖2 = (α,α) < ∞}.
Since X is a Kähler manifold, the Levi-Civita connection on T CX and the Chern connection on T CX are the same.
The curvature tensor of the metric g is
Rij¯kl¯ = ∂i ∂¯j gkl¯ − gst¯ ∂igkt¯ ∂¯j gsl¯ ,
and the Ricci curvature tensor is Rij¯ = gkl¯Rij¯kl¯ . The Levi-Civita connection on T CX induces a connection on the
bundle ∧p,qT ∗X . It can be defined as follows.
Definition 2.1. The connection D on the bundle ∧p,qT ∗X is defined by
D ∂
∂zi
α =
∑′
|I |=p, |J |=q
∇iαI J¯ dzI ∧ dz¯J and D ∂
∂z¯i
α = D ∂
∂zi
α¯
for any (p, q)-form α =∑′|I |=p, |J |=q αI J¯ dzI ∧ dz¯J . The notation ∇iαI J¯ is defined by
∇iαI J¯ = ∂iαI J¯ −
p∑
t=1
n∑
k=1
Γ kiit αi1···it−1kit+1···ipJ¯ ,
where Γ kis =
∑n
l=1 gkl¯∂igsl¯ . Moreover, the notation ∇iαI J¯ is defined by letting
D ∂
∂z¯i
α =
∑′
|I |=p, |J |=q
∇iαI J¯ dzI ∧ dz¯J .
Definition 2.2. Let X be a complex manifold and Ω ⊂⊂ X be a domain in X with C∞ boundary bΩ . Ω is called a
pseudoconvex domain in X if there exists a smooth defining function ρ for Ω such that for any point x ∈ bΩ and any
local coordinate system (z1, z2, . . . , zn) around x,
n∑
i,j=1
∂i ∂¯j ρ(x)a
i a¯j  0
holds for any (a1, a2, . . . , an) ∈ Cn satisfying ∑ni=1 ai∂iρ(x) = 0. If the inequality is strict, we call Ω a strictly
pseudoconvex domain.
It is easy to check that if Ω is pseudoconvex, any smooth defining function of Ω satisfies the property in Defini-
tion 2.2.
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normal currents with compact support are called normal.
For the definition and basic properties of currents and normal currents, the reader is referred to Demailly’s
e-book [8]. Currents can be considered as forms with distribution coefficients. Distributions of order zero can be
considered as regular complex Borel measures.
3. Some lemmas used in the proof of Theorem 1.2 and Theorem 1.4
In this section, we give some lemmas which will be used in the proofs of Theorem 1.2 and Theorem 1.4. In the
following, we will use Ker(T ), Ran(T ), Dom(T ) and T ∗ to denote the kernel, range, domain and the adjoint of a linear
operator T between two Hilbert spaces respectively. In this paper, ϑ means the formal adjoint operator of ∂¯ and ∂¯∗
means the Hilbert adjoint operator of ∂¯ . For the difference between the two adjoint operators, we refer to Demailly’s
e-book [8].
Lemma 3.1. Let (H1, (·,·)1), (H2, (·,·)2) and (H3, (·,·)3) be Hilbert spaces. Assume that T is a linear, closed, densely
defined operator from H1 to H2, and S is a linear, closed, densely defined operator from H2 to H3 such that ST = 0.
Let λ ∈ Ker(S). If |(α,λ)2|2  C(‖T ∗α‖21 +‖Sα‖23) for all α ∈ Dom(S)∩Dom(T ∗) and some constant C, there exists
u ∈ Dom(T )∩ Ker(T )⊥ such that T u = λ and ‖u‖21  C.
Proof. Since λ ∈ Ker(S) and
∣∣(α,λ)2∣∣2  C(∥∥T ∗α∥∥21 + ‖Sα‖23)
for all α ∈ Dom(S)∩ Dom(T ∗), we have
∣∣(α,λ)2∣∣2  C∥∥T ∗α∥∥21
for all α ∈ Ker(S)∩ Dom(T ∗).
For any κ ∈ Dom(T ∗), write κ = κ1 + κ2, where κ1 ∈ Ker(S) and κ2 ∈ Ker(S)⊥ = Ran(S∗) ⊂ Ker(T ∗) ⊂
Dom(T ∗). Then κ1 ∈ Ker(S)∩ Dom(T ∗) and∣∣(κ,λ)2∣∣2 = ∣∣(κ1, λ)2∣∣2  C∥∥T ∗κ1∥∥21 = C‖T ∗κ‖21.
Applying the Hahn–Banach theorem and the Riesz representation theorem to the linear functional T ∗κ → (κ,λ)2,
there exists u ∈ Ran(T ∗) = Ker(T )⊥ such that
‖u‖21  C and
(
T ∗κ,u
)
1 = (κ,λ)2
for any κ ∈ Dom(T ∗).
Hence u ∈ Dom(T )∩ Ker(T )⊥, T u = λ and ‖u‖21  C. 
Lemma 3.2. Let (X,g) be a Kähler manifold of dimension n with a Kähler metric g, Ω ⊂⊂ X be a domain with C∞
boundary bΩ , ψ ∈ C∞(Ω) and ρ be a C∞ defining function for Ω such that |dρ| = 1 on bΩ . For any (p, q+1)-form
α =∑′|I |=p, |J |=q+1 αIJ¯ dzI ∧ dz¯J ∈ DomΩ(∂¯∗)∩C∞(p,q+1)(Ω),∫
Ω
∣∣∂¯∗ψα∣∣2e−ψ dVX +
∫
Ω
|∂¯α|2e−ψ dVX
=
∑′
|I |=p, |J |=q+1
n∑
i,j=1
∫
Ω
gij¯∇jαI J¯∇iαI¯J e−ψ dVX +
∑′
|I |=p, |K|=q
n∑
i,j=1
∫
bΩ
∂i ∂¯j ραI
i
K¯α
I¯jKe−ψ dS
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∑′
|I |=p, |K|=q
n∑
i,j=1
∫
Ω
∂i ∂¯jψαI
i
K¯α
I¯jKe−ψ dVX −
∑′
|I |=p, |K|=q
n∑
i,j=1
∫
Ω
Ri¯ j¯ αI i¯K¯α
I¯jKe−ψ dVX
+
∑′
|M|=p−1, |K|=q
n∑
i,j,k,l=1
∫
Ω
Rl
ki¯
j¯ αkMi¯K¯α
l¯M¯jKe−ψ dVX.
Proof. The reader is referred to Section 2 in [24] or the appendix in [3]. 
Lemma 3.3. Let (X,g) be a Kähler manifold of dimension n with a Kähler metric g, Ω ⊂⊂ X be a pseudoconvex
domain with C∞ boundary bΩ and φ ∈ C∞(Ω) be plurisubharmonic in Ω . Assume that τ,A ∈ C∞(Ω) are positive
functions. Then for any (n, q + 1)-form α =∑′|I |=n, |J |=q+1 αIJ¯ dzI ∧ dz¯J ∈ DomΩ(∂¯∗)∩C∞(n,q+1)(Ω),∫
Ω
(τ +A)∣∣∂¯∗φα∣∣2e−φ dVX +
∫
Ω
τ |∂¯α|2e−φ dVX

∑′
|I |=n, |K|=q
n∑
i,j=1
∫
Ω
(
−∂i ∂¯j τ − ∂iτ ∂¯j τ
A
)
αI
i
K¯α
I¯jKe−φ dVX.
Proof. Define ψ = φ − log τ . Then
∂i ∂¯jψ = ∂i ∂¯j φ + ∂iτ ∂¯j τ
τ 2
− ∂i ∂¯j τ
τ
and ∂iψ = ∂iφ − ∂iτ
τ
.
Since
∑′
|M|=n−1, |K|=q
n∑
i,j,k,l=1
Rl
ki¯
j¯ αkMi¯K¯α
l¯M¯jK =
∑′
|K|=q
n∑
i,j,k=1
Rk
ki¯
j¯ α12···ni¯K¯α12···njK
=
∑′
|K|=q
n∑
i,j=1
Ri¯ j¯ α12···ni¯K¯α12···njK
=
∑′
|I |=n, |K|=q
n∑
i,j=1
Ri¯ j¯ αI i¯K¯α
I¯jK,
we can imply from Lemma 3.2 that∫
Ω
∣∣∂¯∗ψα∣∣2e−ψ dVX +
∫
Ω
|∂¯α|2e−ψ dVX =
∑′
|I |=n, |J |=q+1
n∑
i,j=1
∫
Ω
gij¯∇jαI J¯∇iαI¯J e−ψ dVX
+
∑′
|I |=n, |K|=q
n∑
i,j=1
∫
bΩ
∂i ∂¯j ραI
i
K¯α
I¯jKe−ψ dS
+
∑′
|I |=n, |K|=q
n∑
i,j=1
∫
Ω
∂i ∂¯jψαI
i
K¯α
I¯jKe−ψ dVX.
The first term on the right of the equality is always nonnegative since (gij¯ ) and (gij¯ ) are positive definite. Since
α ∈ DomΩ(∂¯∗) ∩ C∞(n,q+1)(Ω), we have
∑n
i,j=1 gij¯ ∂iραI j¯K¯ = 0 on bΩ . For any point x ∈ bΩ , choose a coordinate
system (z1, z2, . . . , zn) around x such that gij¯ (x) = δij . Hence
∑n
i=1 ∂iραI i¯K¯ |x = 0. Then
∑′ n∑
∂i ∂¯j ραI
i
K¯α
I¯jK |x =
∑′ n∑
∂i ∂¯j ραI i¯K¯αI j¯K¯ |x  0.
|I |=n, |K|=q i,j=1 |I |=n, |K|=q i,j=1
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∫
Ω
∣∣∂¯∗ψα∣∣2e−ψ dVX +
∫
Ω
|∂¯α|2e−ψ dVX 
∑′
|I |=n, |K|=q
n∑
i,j=1
∫
Ω
∂i ∂¯jψαI
i
K¯α
I¯jKe−ψ dVX

∑′
|I |=n, |K|=q
n∑
i,j=1
∫
Ω
(
−∂i ∂¯j τ + ∂iτ ∂¯j τ
τ
)
αI
i
K¯α
I¯jKe−φ dVX.
It is easy to calculate that
∣∣∂¯∗ψα∣∣2e−ψ = τ
∣∣∣∣∂¯∗φα − 1τ α(∂¯τ )
∣∣∣∣
2
e−φ
= τ ∣∣∂¯∗φα∣∣2e−φ + 1τ
∣∣α(∂¯τ )∣∣2e−φ − 2 Re〈∂¯∗φα,α(∂¯τ )〉e−φ
 (τ +A)∣∣∂¯∗φα∣∣2e−φ +
(
1
τ
+ 1
A
)∣∣α(∂¯τ )∣∣2e−φ
= (τ +A)∣∣∂¯∗φα∣∣2e−φ + ∑′
|I |=n, |K|=q
n∑
i,j=1
∂iτ ∂¯j τ
(
1
τ
+ 1
A
)
αI
i
K¯α
I¯jKe−φ.
Hence the conclusion follows easily from the two inequalities above. 
Lemma 3.4. Let (X,g) be a Kähler manifold of dimension n with a Kähler metric g, Ω ⊂⊂ X be a domain with C∞
boundary bΩ and τ,A ∈ C∞(Ω) are positive functions. Assume
T : L2(p,q)(Ω) −→ L2(p,q+1)(Ω) and S : L2(p,q+1)(Ω) −→ L2(p,q+2)(Ω)
be two operators defined by Tβ1 = ∂¯(
√
τ +Aβ1) and Sβ2 = √τ ∂¯β2 respectively. Then DomΩ(∂¯∗)∩C∞(p,q+1)(Ω) is
dense in Dom(S)∩ Dom(T ∗) in the graph norm
α → ‖α‖Ω + ‖Sα‖Ω +
∥∥T ∗α∥∥
Ω
.
Proof. By assumption, we get T ∗ = √τ +A∂¯∗. Since τ and A are positive functions bounded from below and above,
we get this lemma by the similar arguments as in the proof of Lemma 4.3.2 in [6]. 
Lemma 3.5. Let (X,g) be a Kähler manifold of dimension n with a Kähler metric g, Ω ⊂⊂ X be a domain in X,
τ,A ∈ C∞(Ω) be two positive functions and λ ∈ C∞(p,q+1)(Ω), where 0  p  n and 0  q  n − 1. Assume
u ∈ L2(p,q)(Ω, loc) satisfies
∂¯(
√
τ +Au) = λ and ϑ
(
u√
τ +A
)
= 0.
Then u ∈ C∞(p,q)(Ω).
Proof. The proof of this lemma is similar to the proof of Theorem 4.2.5 in [18]. 
Lemma 3.6. Let X be a Stein manifold and H be a closed complex submanifold of X. Then there is an open neigh-
borhood U of H in X and a holomorphic retraction r : U −→ H .
Proof. Since every Stein manifold can be imbedded holomorphically into Cn as a closed complex submanifold, this
lemma follows easily from Theorem 8 in Section C of Chapter VIII in [15]. 
L.F. Zhu et al. / J. Math. Pures Appl. 97 (2012) 579–601 587Lemma 3.7. Let (X,g) be a Kähler manifold of dimension n with a Kähler metric g, Ω ⊂⊂ X be a strictly pseudo-
convex domain in X with C∞ boundary bΩ and φ ∈ C∞(Ω). Let w be a holomorphic function on X which doesn’t
vanish identically and λ be the current ∂¯ 1
w
∧ F˜ , where F˜ is a holomorphic n-form on X. Assume the inequality
∣∣(λ,α)Ω,φ∣∣2  C
∫
Ω
∣∣∂¯∗φα∣∣2 e−φμ dVX,
where 1
μ
is an integrable positive function on Ω and C is a constant, holds for all (n,1)-forms α ∈ DomΩ(∂¯∗) ∩
Ker(∂¯)∩C∞(n,1)(Ω). Then there is a solution u to the equation ∂¯u = λ such that∫
Ω
|u|2μe−φ dVX  C.
Proof. The proof is similar to the proof of Lemma 2.4 in [1]. Note that λ is equal to the limit of {λε}ε>0 in the
distribution sense, where
λε = ∂¯
(
w¯
|w|2 + ε2 ∧ F˜
)
= ε
2
(|w|2 + ε2)2 dw¯ ∧ F˜ .
Thus
∣∣(λ,α)Ω,φ∣∣2 = lim
ε→0
∫
Ω
ε2
(|w|2 + ε2)2 〈dw¯ ∧ F˜ , α〉e
−φ dVX. 
4. Proof of Theorem 1.2
If f = 0 on D ∩ H , then F = 0 and E = 0 satisfy the conclusion of Theorem 1.2. In the following proof, we
assume that f is not 0 identically on D ∩H . Let c = supD |w|2.
By Lemma 3.6, there exists an open neighborhood U of H in X and a holomorphic retraction r : U −→ H . Since
dw|H does not vanish, for any point x ∈ D ∩ H , there exists a local coordinate system (Ux, z1x, z2x, . . . , zn−1x ,w)
of x in X such that Ux ⊂⊂ U and Ux ∩ H = {y ∈ Ux : w(y) = 0}. Define Vx = r−1(Ux ∩ H) ∩ Ux . There
exist x1, x2, . . . , xm ∈ D ∩ H such that D ∩ H ⊂ ⋃mi=1 Vxi . We denote (Vxi , z1xi , z2xi , . . . , zn−1xi ,w) simply by
(Vi, z
1
i , z
2
i , . . . , z
n−1
i ,w). Choose an open set Vm+1 in X such that D ∩ H ⊂ X \ Vm+1 ⊂⊂
⋃m
i=1 Vi . Define
V = X \ Vm+1. Let {ξi}m+1i=1 be a partition of unity subordinate to the cover {Vi}m+1i=1 . Then supp ξi ⊂⊂ Vi for
i = 1,2, . . . ,m and ∑mi=1 ξi = 1 on V .
Let b > 1 be a positive number. There exists a positive number εb such that c < bc − ε2b and D ∩ {x ∈ X:|w(x)| εb} ⊂ V .
Define f˜ = r∗f . Then f˜ is well defined on U . Since ∂¯f = 0, ∂¯ f˜ = ∂¯r∗f = r∗∂¯f = 0. Choose a C∞ function
χ : R −→ R satisfying suppχ ⊂ (−1,1), 0  χ  1, χ |
(− 14 , 14 ) ≡ 1 and |χ
′| < 2. Then define χε(w) = χ( |w|2ε2 ) and
define
λε = dw ∧ ∂¯(χεf˜ )
w
= 1
ε2
χ ′
( |w|2
ε2
)
dw ∧ dw¯ ∧ f˜
when 0 < ε < εb .
In (Vi, z1i , z
2
i , . . . , z
n−1
i ,w), we can write√
ξif =
√
ξi
∑′
|M|=n−1, |K|=q
(fi)MK¯θ
∗(dzMi )∧ θ∗(dz¯Ki )
and denote zk ◦ r by rk . Theni i
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ξi f˜ =
√
ξir
∗f
=√ξi ∑′
|M|=n−1, |K|=q
(fi)MK¯ ◦ r
(
dzMi ◦ θ ◦ r
)∧ (dz¯Ki ◦ θ ◦ r)
=√ξi ∑′
|M|=n−1, |K|=q
(fi)MK¯ ◦ r drMi ∧ dr¯Ki .
Define ηki = drki − 〈dr
k
i ,dw〉〈dw,dw〉 dw. Then we get
√
ξi f˜ =
√
ξi
( ∑′
|M|=n−1, |K|=q
(fi)MK¯ ◦ rηMi ∧ η¯Ki + dw ∧Bi1 + dw¯ ∧Bi2
)
.
Here Bi1 is an (n− 2, q)-form on Vi . Bi2 is an (n− 1, q − 1)-form on Vi if q  1 and Bi2 = 0 if q = 0.
In the following, we will prove that at any point x ∈ Vi ∩H ,
|f |2h|x =
∣∣∣∣ ∑′
|M|=n−1, |K|=q
(fi)MK¯ ◦ rηMi ∧ η¯Ki
∣∣∣∣
2
g
∣∣∣∣
x
,
where g is the Kähler metric on X and h is the induced Kähler metric on H from g by θ .
Let {(ηi)1, . . . , (ηi)n−1, (ηi)n} be the dual basis of {η1i , . . . , ηn−1i , dw}. Define eki = θ∗ηki . Let {(ei)1, . . . , (ei)n−1}
be the dual basis of {e1i , . . . , en−1i }. Then we have
η
j
i
(
θ∗(ei)k
)= (θ∗ηji )((ei)k)= δjk and dw(θ∗(ei)k)= (θ∗dw)((ei)k)= 0.
Hence θ∗(ei)k = (ηi)k . Then we have〈
(ei)j , (ei)k
〉= h((ei)j , (ei)k)= g(θ∗(ei)j , θ∗(ei)k)
= g((ηi)j , (ηi)k)= 〈(ηi)j , (ηi)k 〉.
Since 〈ηki , dw〉 = 0, 〈(ηi)k, (ηi)n〉 = 0 for k = 1, . . . , n − 1. Hence the metric matrix with respect to {(ηi)1, . . . ,
(ηi)n−1, (ηi)n} has the form
(〈
(ηi)j , (ηi)k
〉)
n×n =
(
Gi 0
0 ai
)
n×n
.
Then the metric matrix with respect to {η1i , . . . , ηn−1i , dw} is(
G−1i 0
0 1
ai
)
n×n
.
Therefore, the metric matrix with respect to the basis {(ei)1, . . . , (ei)n−1} is(〈
(ei)j , (ei)k
〉)
(n−1)×(n−1) = Gi.
Then the metric matrix with respect to {e1i , . . . , en−1i } is G−1i . Hence we have that at any point x ∈ Vi ∩H ,
|f |2h|x = |θ∗f˜ |2h|x =
∣∣∣∣ ∑′
|M|=n−1, |K|=q
(fi)MK¯e
M
i ∧ e¯Ki
∣∣∣∣
2
h
∣∣∣∣
x
=
∣∣∣∣ ∑′
|M|=n−1, |K|=q
(fi)MK¯ ◦ rηMi ∧ η¯Ki
∣∣∣∣
2
g
∣∣∣∣
x
.
Since there exists a smooth plurisubharmonic exhaustion function on D, by the Sard theorem, it is easy to
find a sequence of pseudoconvex domains {Dv}∞v=1 with smooth boundaries satisfying Dv ⊂⊂ Dv+1 for all v and⋃∞
v=1 Dv = D.
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T : L2(n,q)(Dv) −→ L2(n,q+1)(Dv) and S : L2(n,q+1)(Dv) −→ L2(n,q+2)(Dv)
by Tβ1 = ∂¯(√τε +Aεβ1) and Sβ2 = √τε∂¯β2 respectively. Applying Lemma 3.3 and Lemma 3.4 to Dv with φ = 0,
we have
∥∥T ∗α∥∥2
Dv
+ ‖Sα‖2Dv 
∑′
|I |=n, |K|=q
n∑
i,j=1
∫
Dv
(
−∂i ∂¯j τε − ∂iτε∂¯j τε
Aε
)
αI
i
K¯α
I¯jK dVX
=
∑′
|I |=n, |K|=q
n∑
i,j=1
∫
Dv
2bcε2
[2bc − (|w|2 + ε2)](|w|2 + ε2)2 ∂iw∂jwαI
i
K¯α
I¯jK dVX

∫
Dv
ε2
(|w|2 + ε2)2
∣∣α(dw¯)∣∣2 dVX
for all α ∈ Dom(T ∗)∩ Dom(S). Hence
∣∣(α,λε)Dv ∣∣2 =
∣∣∣∣∣
m∑
i=1
(
√
ξiα,
√
ξiλε)Dv
∣∣∣∣∣
2
=
∣∣∣∣∣
m∑
i=1
(√
ξiα,
√
ξi
1
ε2
χ ′
( |w|2
ε2
)
dw ∧ dw¯ ∧ f˜
)
Dv
∣∣∣∣∣
2
=
∣∣∣∣∣
m∑
i=1
(√
ξiα,
√
ξi
1
ε2
χ ′
( |w|2
ε2
)
dw ∧ dw¯ ∧
∑′
|M|=n−1, |K|=q
(fi)MK¯ ◦ rηMi ∧ η¯Ki
)
Dv
∣∣∣∣∣
2
=
∣∣∣∣∣
m∑
i=1
(√
ξiα(dw¯),
√
ξi
1
ε2
χ ′
( |w|2
ε2
)
dw ∧
∑′
|M|=n−1, |K|=q
(fi)MK¯ ◦ rηMi ∧ η¯Ki
)
Dv
∣∣∣∣∣
2

∣∣∣∣∣
m∑
i=1
(( ∫
Dv
ξi
(|w|2 + ε2)2
ε6
∣∣∣∣χ ′
( |w|2
ε2
)
dw ∧
∑′
|M|=n−1, |K|=q
(fi)MK¯ ◦ rηMi ∧ η¯Ki
∣∣∣∣
2
dVX
) 1
2
×
( ∫
Dv
ξi
ε2
(|w|2 + ε2)2
∣∣α(dw¯)∣∣2 dVX
) 1
2
)∣∣∣∣∣
2

(
m∑
i=1
∫
Dv
ξi
(|w|2 + ε2)2
ε6
∣∣∣∣χ ′
( |w|2
ε2
)
dw ∧
∑′
|M|=n−1, |K|=q
(fi)MK¯ ◦ rηMi ∧ η¯Ki
∣∣∣∣
2
dVX
)
×
(
m∑
i=1
∫
Dv
ξi
ε2
(|w|2 + ε2)2
∣∣α(dw¯)∣∣2 dVX
)

m∑
i=1
∫
Dv
ξi
(|w|2 + ε2)2
ε6
∣∣∣∣χ ′
( |w|2
ε2
)
dw ∧
∑′
|M|=n−1, |K|=q
(fi)MK¯ ◦ rηMi ∧ η¯Ki
∣∣∣∣
2
dVX
×
∫
Dv
ε2
(|w|2 + ε2)2
∣∣α(dw¯)∣∣2 dVX.
Define
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m∑
i=1
∫
Dv
ξi
(|w|2 + ε2)2
ε6
∣∣∣∣χ ′
( |w|2
ε2
)
dw ∧
∑′
|M|=n−1, |K|=q
(fi)MK¯ ◦ rηMi ∧ η¯Ki
∣∣∣∣
2
dVX.
Then we get ∣∣(α,λε)Dv ∣∣2  Cε(‖T ∗α‖2Dv + ‖Sα‖2Dv ).
Hence by Lemma 3.1, we can solve ∂¯(
√
τε +Aεuv,ε) = λε with
∫
Dv
|uv,ε|2 dVX  Cε and uv,ε ∈ Ran(T ∗). Since
T ∗ = √τε +Aε∂¯∗, we have ∂¯∗( uv,ε√τε+Aε ) = 0.
Using the Fubini theorem and the Lebesgue dominated convergence theorem, we have
lim
ε→0Cε 
m∑
i=1
∫
D∩H
ξi
∣∣∣∣ ∑′
|M|=n−1, |K|=q
(fi)MK¯ ◦ rηMi ∧ η¯Ki
∣∣∣∣
2
g
∣∣∣∣
D∩H
dVH
× lim
ε→0
∫
{w∈C: |w|<ε}
(|w|2 + ε2)2
ε6
∣∣∣∣χ ′
( |w|2
ε2
)∣∣∣∣
2√−1dw ∧ dw¯
=
∫
D∩H
|f |2h dVH × lim
ε→0
∫
{w∈C: |w|<ε}
(|w|2 + ε2)2
ε6
∣∣∣∣χ ′
( |w|2
ε2
)∣∣∣∣
2√−1dw ∧ dw¯
< 32π
∫
D∩H
|f |2h dVH .
Therefore, ∫
D
|uv,ε|2 dVX < 32π
∫
D∩H
|f |2 dVH
when ε is small enough (define uv,ε = 0 in D\Dv). Note that the upper bound for ε is uniform on v since
Dv ⊂⊂ D ⊂⊂ X. Hence the sequence {uv,ε}∞v=1 has a weak limit uε in L2(n,q)(D) satisfying∫
D
|uε|2 dVX < 32π
∫
D∩H
|f |2 dVH ,
∂¯(
√
τε +Aεuε) = λε and ϑ
(
uε√
τε +Aε
)
= 0.
Hence uε ∈ C∞(n,q)(D) by Lemma 3.5.
Define
Fε = dw ∧ (χεf˜ )+w
√
τε +Aεuε.
It is easy to see that ∂¯Fε = 0 and Fε = dw ∧ f˜ on D ∩H with θ∗f˜ = f .
Since
sup
0<ε<εb
sup
D
{|w|2(τε +Aε)} sup
0<ε<εb
sup
D
{(|w|2 + ε2)(τε +Aε)}
 sup
0<s<1
{
bcs
[
log
(
2
s
− 1
)
+ 2
s
]}
,
we get ∫
D
|w√τε +Aεuε|2 dVX < 32πγ bc
∫
D∩H
|f |2 dVH
by defining γ = sup0<s<1{s[log( 2 − 1)+ 2 ]}.s s
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lim
ε→0
∫
D
∣∣dw ∧ (χεf˜ )∣∣2 dVX = 0,
we get
∫
D
|Fε|2 dVX  32πγ b sup
D
|w|2
∫
D∩H
|f |2 dVH
when ε is small enough.
Therefore, F = Fε and E = 32πγ b satisfy the conclusion of Theorem 1.2. Recall that b > 1 is any positive number
and F depends on b. This is the end of the proof of Theorem 1.2.
5. Proof of Theorem 1.4
In this section, we prove Theorem 1.4 by combining the methods used in Berndtsson [1], Chen [5], Demailly [7],
McNeal and Varolin [21], and Siu [25].
Just like the arguments in [23] and [22], we can assume that H = H0 and that both ϕ and ψ are smooth on X.
Since X is Stein, there is a holomorphic n-form F˜ on X such that F˜ = dw∧ f˜ on H with θ∗f˜ = f . Let g be a Kähler
metric on X. The induced Kähler metric on H is denoted by h.
LetM be the class of functions defined by
{
χ ∈ C∞(−∞,0]: χ(s) 0, χ ′(s) 1 and χ ′′(s) > 0 for all s ∈ (−∞,0]}.
Since X is Stein, we can find a sequence of strictly pseudoconvex domains {Dv}∞v=1 with smooth boundaries
satisfying Dv ⊂⊂ Dv+1 for all v and ⋃∞v=1 Dv = X.
Let a ∈ (0,1) be a positive number and put σε = γ (ψ + log(|w|2 + ε2)− a), where γ ∈ (0,1). Then there exists a
positive number εa such that σε < 0 on Dv for ε ∈ (0, εa). It’s easy to see that εa → 0 when a → 0.
Let φ = ψ + ϕ and μ = eγ (ψ+log |w|2). For any χ ∈M, define τε = −χ(σε) and Aε = (χ ′(σε))2χ ′′(σε) . Then
−√−1∂∂¯τε −
√−1∂τε ∧ ∂¯τε
Aε
= √−1χ ′(σε)∂∂¯σε

√−1∂∂¯σε

√−1 γ ε
2
(|w|2 + ε2)2 dw ∧ dw¯.
Now let α =∑′|I |=n∑nj=1 αI j¯ dzI ∧ dz¯j ∈ DomDv(∂¯∗)∩ Ker(∂¯)∩C∞(n,1)(Dv). Then by Lemma 3.3, we get
∫
Dv
(τε +Aε)
∣∣∂¯∗φα∣∣2e−φ dVX ∑′
|I |=n
n∑
i,j=1
∫
Dv
(
−∂i ∂¯j τε − ∂iτε∂¯j τε
Aε
)
αI
iαI¯j e−φ dVX

∑′
|I |=n
n∑
i,j=1
∫
Dv
γ ε2
(|w|2 + ε2)2 ∂iw∂jwαI
iαI¯j e−φ dVX
=
∫
Dv
γ ε2
(|w|2 + ε2)2
∣∣α(dw¯)∣∣2e−φ dVX.
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Dv
γ ε2
(|w|2 + ε2)2
∣∣α(dw¯)∣∣2e−φ dVX 
∫
Dv
(τε +Aε)eσε
∣∣∂¯∗φα∣∣2 e−φ
eγ (ψ+log |w|2−a)
dVX

(
sup
Dv
(τε +Aε)eσε
)∫
Dv
∣∣∂¯∗φα∣∣2 e−φ
eγ (ψ+log |w|2−a)
dVX

(
sup
s0
(
−χ(s)+ (χ
′(s))2
χ ′′(s)
)
es
)∫
Dv
∣∣∂¯∗φα∣∣2 e−φ
eγ (ψ+log |w|2−a)
dVX.
Define C = infχ∈M sups0{(−χ(s)+ (χ
′(s))2
χ ′′(s) )e
s}. Then by the inequality above, we have
∫
Dv
γ ε2
(|w|2 + ε2)2
∣∣α(dw¯)∣∣2e−φ dVX C
∫
Dv
∣∣∂¯∗φα∣∣2 e−φ
eγ (ψ+log |w|2−a)
dVX.
As ε → 0 and a → 0, we get
lim
ε→0
∫
Dv
ε2
(|w|2 + ε2)2
∣∣α(dw¯)∣∣2e−φ dVX  C
γ
∫
Dv
∣∣∂¯∗φα∣∣2 e−φμ dVX.
Let λ = ∂¯ 1
w
∧ F˜ . Then we have
∣∣(λ,α)Dv,φ∣∣2 = lim
ε→0
∣∣∣∣
(
ε2
(|w|2 + ε2)2 dw¯ ∧ F˜ , α
)
Dv,φ
∣∣∣∣
2
= lim
ε→0
∣∣∣∣
(
ε2
(|w|2 + ε2)2 F˜ , α(dw¯)

)
Dv,φ
∣∣∣∣
2
 lim
ε→0
∫
Dv
ε2
(|w|2 + ε2)2 |F˜ |
2e−φ dVX lim
ε→0
∫
Dv
ε2
(|w|2 + ε2)2
∣∣α(dw¯)∣∣2e−φ dVX
 C
γ
lim
ε→0
∫
Dv
ε2
(|w|2 + ε2)2 |F˜ |
2e−φ dVX
∫
Dv
∣∣∂¯∗φα∣∣2 e−φμ dVX.
Since
lim
ε→0
∫
Dv∩{x∈X: |w(x)|ε
1
4 }
ε2
(|w|2 + ε2)2 |F˜ |
2e−φ dVX
 lim
ε→0
∫
Dv∩{x∈X: |w(x)|ε
1
4 }
ε
(1 + ε 32 )2
|F˜ |2e−φ dVX
= 0,
we have
lim
ε→0
∫
Dv
ε2
(|w|2 + ε2)2 |F˜ |
2e−φ dVX
= lim
ε→0
∫
1
4
ε2
(|w|2 + ε2)2 |F˜ |
2e−φ dVX.Dv∩{x∈X: |w(x)|<ε }
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Lebesgue dominated convergence theorem, we get
lim
ε→0
∫
Dv∩{x∈X: |w(x)|<ε
1
4 }
ε2
(|w|2 + ε2)2 |F˜ |
2e−φ dVX

∫
Dv∩H
|f |2he−φ dVH lim
ε→0
∫
{w∈C: |w|<ε 14 }
ε2
(|w|2 + ε2)2
√−1dw ∧ dw¯
= 2π
∫
Dv∩H
|f |2he−φ dVH .
Hence
∣∣(λ,α)Dv,φ∣∣2  2Cπγ
∫
Dv∩H
|f |2he−φ dVH
∫
Dv
∣∣∂¯∗φα∣∣2 e−φμ dVX.
By Lemma 3.7, there is a solution uγ,v to ∂¯uγ,v = λ satisfying∫
Dv
|uγ,v|2μe−φ dVX  2Cπ
γ
∫
Dv∩H
|f |2e−φ dVH .
Define Fγ,v = wuγ,v . Since ∂¯(uγ,v − F˜w ) = 0, uγ,v − F˜w is a holomorphic n-form. Since Fγ,v = w(uγ,v − F˜w ) + F˜ ,
Fγ,v is a holomorphic n-form in Dv satisfying Fγ,v = dw ∧ f˜ on Dv ∩H with θ∗f˜ = f . Moreover, we obtain∫
Dv
|Fγ,v|2e−ϕ dVX 
∫
Dv
|Fγ,v|2 μe
−ϕ
eψ+log |w|2
dVX
=
∫
Dv
|uγ,v|2μe−φ dVX
 2Cπ
γ
∫
Dv∩H
|f |2e−φ dVH .
As γ → 1, the weak limit of some weakly convergent subsequence of {Fγ,v}0<γ<1 gives us a holomorphic n-form Fv
on Dv satisfying Fv = dw ∧ f˜ on Dv ∩H with θ∗f˜ = f and∫
Dv
|Fv|2e−ϕ dVX  2Cπ
∫
Dv∩H
|f |2e−φ dVH  2Cπ
∫
H
|f |2e−φ dVH .
Define Fv = 0 on X\Dv . Then the weak limit of some weakly convergent subsequence of {Fv}∞v=1 gives us a holo-
morphic n-form F on X satisfying F = dw ∧ f˜ on H with θ∗f˜ = f and
cn
∫
X
e−ϕF ∧ F¯ =
∫
X
|F |2e−ϕ dVX
 2Cπ
∫
H
|f |2e−φ dVH
= 2Cπcn−1
∫
e−ϕ−ψf ∧ f¯ ,
H
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inf
χ∈M
sup
s0
{(
−χ(s)+ (χ
′(s))2
χ ′′(s)
)
es
}
.
6. Calculation of the constant C
In this section, we prove first C < 2.14 using an explicit calculation, and then C < 1.954 with the help of a
computer.
Define H = (χ ′)2
χ ′′ . Then
−χ(s) =
s∫
0
1∫ y
0
1
H(x)
dx + c1
dy + c2.
Since we want −χ(s)+ (χ ′(s))2
χ ′′(s) to be as small as possible and χ ∈M, we may assume c2 = 0 and c1 =
∫ 0
−∞
1
H(x)
dx−1
with the condition H ∈N , where N is the class of functions defined by{
H ∈ C∞(−∞,0]:
0∫
−∞
1
H(x)
dx − 1 < 0 and H(s) > 0 for any s ∈ (−∞,0]
}
.
Therefore,
C = inf
H∈N
sup
s0
{( s∫
0
1∫ y
−∞
1
H(x)
dx − 1 dy +H(s)
)
es
}
.
Let Hδ be the function 1+δδes with respect to s, where δ is a positive number. Then Hδ ∈N for any δ > 0 and we get
C inf
δ>0
sup
s0
{(
−s + log(1 + δ − δes)+ 1 + δ
δes
)
es
}
= inf
δ>0
sup
0<r1
{
r
(
− log r + log(1 + δ − δr)+ 1 + δ
δr
)}
.
Define h(r) = r(− log r + log(1 + δ− δr)+ 1+δ
δr
). Then by calculating the first order and the second order derivatives
of h with respect to r , we find that
sup
0<r1
h(r) = max
0<r1
h(r) = h(r0),
where r0 = 1+δδ(t+1) and t is the unique positive number satisfying δt = e1+
1
t
. Therefore,
C inf
δ>0
sup
0<r1
h(r) = inf
δ>0
h(r0)
= inf
δ>0
(
1 + δ
δ(1 + t) log(δt)+
1 + δ
δ
)
= inf
t>0
{(
t
e1+ 1t
+ 1
)(
1 + 1
t
)}
.
Define k(t) = ( t
e1+
1
t
+1)(1+ 1
t
). Then by calculating the first order and the second order derivatives of k, we find that
C inf
t>0
k(t) = min
t>0
k(t) = k(t0) < 2.14,
where t0 is the unique positive number satisfying e
1+ 1
t0 = 1 + t0 + t2.0
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√−1∂∂¯τε −√−1 ∂τε∧∂¯τε
Aε
at the beginning of the proof of Theorem 1.4. In the present remark, we’ll explain that if the factor
χ ′(σε) is kept further, the same final constant will be obtained, and not a better one.
LetM be the class of functions defined by{
χ ∈ C∞(−∞,0]: χ(s) 0, χ ′(s) 1 and χ ′′(s) > 0 for all s ∈ (−∞,0]}.
Let χ ∈M and let Dv , σε , τε , Aε , φ and μ be defined as in Section 5. Then
−√−1∂∂¯τε −
√−1∂τε ∧ ∂¯τε
Aε
= √−1χ ′(σε)∂∂¯σε

√−1χ ′(σε) γ ε
2
(|w|2 + ε2)2 dw ∧ dw¯.
Now we keep the factor χ ′(σε) further. We will follow the steps in Section 5 and give the changes.
Let α =∑′|I |=n∑nj=1 αI j¯ dzI ∧ dz¯j ∈ DomDv(∂¯∗)∩ Ker(∂¯)∩C∞(n,1)(Dv). Then by Lemma 3.3, we get∫
Dv
(τε +Aε)
∣∣∂¯∗φα∣∣2e−φ dVX 
∫
Dv
χ ′(σε)
γ ε2
(|w|2 + ε2)2
∣∣α(dw¯)∣∣2e−φ dVX.
Hence ∫
Dv
χ ′(σε)
γ ε2
(|w|2 + ε2)2
∣∣α(dw¯)∣∣2e−φ dVX

(
sup
s0
(
−χ(s)+ (χ
′(s))2
χ ′′(s)
)
es
)∫
Dv
∣∣∂¯∗φα∣∣2 e−φ
eγ (ψ+log |w|2−a)
dVX.
As ε → 0 and a → 0, we get
lim
a→0 limε→0
∫
Dv
χ ′(σε)
ε2
(|w|2 + ε2)2
∣∣α(dw¯)∣∣2e−φ dVX

(sups0(−χ(s)+ (χ
′(s))2
χ ′′(s) )e
s)
γ
∫
Dv
∣∣∂¯∗φα∣∣2 e−φμ dVX.
Let λ = ∂¯ 1
w
∧ F˜ . Then we have
∣∣(λ,α)Dv,φ∣∣2 = lim
a→0 limε→0
∣∣∣∣
(
1√
χ ′(σε)
ε2
(|w|2 + ε2)2 F˜ ,
√
χ ′(σε)α(dw¯)
)
Dv,φ
∣∣∣∣
2
 lim
a→0 limε→0
∫
Dv
1
χ ′(σε)
ε2
(|w|2 + ε2)2 |F˜ |
2e−φ dVX
× lim
a→0 limε→0
∫
Dv
χ ′(σε)
ε2
(|w|2 + ε2)2
∣∣α(dw¯)∣∣2e−φ dVX

(sups0(−χ(s)+ (χ
′(s))2
χ ′′(s) )e
s)
γ
lim
a→0 limε→0
∫
Dv
1
χ ′(σε)
ε2
(|w|2 + ε2)2 |F˜ |
2e−φ dVX
×
∫ ∣∣∂¯∗φα∣∣2 e−φμ dVX.
Dv
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lim
ε→0
∫
Dv∩{x∈X: |w(x)|ε
1
4 }
1
χ ′(σε)
ε2
(|w|2 + ε2)2 |F˜ |
2e−φ dVX
 lim
ε→0
∫
Dv∩{x∈X: |w(x)|ε
1
4 }
ε2
(|w|2 + ε2)2 |F˜ |
2e−φ dVX
 lim
ε→0
∫
Dv∩{x∈X: |w(x)|ε
1
4 }
ε
(1 + ε 32 )2
|F˜ |2e−φ dVX
= 0,
we have
lim
ε→0
∫
Dv
1
χ ′(σε)
ε2
(|w|2 + ε2)2 |F˜ |
2e−φ dVX
= lim
ε→0
∫
Dv∩{x∈X: |w(x)|<ε
1
4 }
1
χ ′(σε)
ε2
(|w|2 + ε2)2 |F˜ |
2e−φ dVX.
Define χ ′(−∞) = lims→−∞ χ ′(s). It is easy to see that this limit exists and χ ′(−∞)  1 since χ ∈M. Since we
have assumed that ψ is smooth on X, we have
lim
ε→0 sup
x∈Dv∩{x∈X: |w(x)|<ε
1
4 }
∣∣∣∣ 1χ ′(σε) −
1
χ ′(−∞)
∣∣∣∣= 0.
Then we get
lim
ε→0
∫
Dv∩{x∈X: |w(x)|<ε
1
4 }
1
χ ′(σε)
ε2
(|w|2 + ε2)2 |F˜ |
2e−φ dVX
= 1
χ ′(−∞) limε→0
∫
Dv∩{x∈X: |w(x)|<ε
1
4 }
ε2
(|w|2 + ε2)2 |F˜ |
2e−φ dVX.
Since we have got
lim
ε→0
∫
Dv∩{x∈X: |w(x)|<ε
1
4 }
ε2
(|w|2 + ε2)2 |F˜ |
2e−φ dVX  2π
∫
Dv∩H
|f |2he−φ dVH
in the manuscript, we obtain that
∣∣(λ,α)Dv,φ∣∣2  2π(sups0(−χ(s)+
(χ ′(s))2
χ ′′(s) )e
s)
γ χ ′(−∞)
∫
Dv∩H
|f |2he−φ dVH
∫
Dv
∣∣∂¯∗φα∣∣2 e−φμ dVX.
Since χ
χ ′(−∞) also belongs toM, it is easy to see that
inf
χ∈M
(sups0(−χ(s)+ (χ
′(s))2
χ ′′(s) )e
s)
χ ′(−∞) = infξ∈M sups0
{(
−ξ(s)+ (ξ
′(s))2
ξ ′′(s)
)
es
}
.
This is just the constant C defined in Section 5. The following steps are the same as the steps in Section 5. Hence we
get the same constant, even if we keep the factor χ ′(σε) further.
L.F. Zhu et al. / J. Math. Pures Appl. 97 (2012) 579–601 597Remark 6.2. Thanks to a suggestion of Prof. J.-P. Demailly, one can get an even smaller constant C < 1.954 with the
help of a computer.
The idea is to use a numerical method (e.g. a Runge–Kutta method) to compute the solution of the second order
ODE (−χ(s)+ χ ′(s)2/χ ′′(s))es = C,
where the initial data χ(0) = 0, χ ′(0) and the constant C are set in such a way that lims→−∞ χ ′(s) = 1. Since the
left hand side of the equation is homogeneous of degree 1 in χ , one can start instead with C = 1, solve with a
given initial derivative χ ′(0) = a > 1 and then compute by numerical integration the limit γ (a) = lims→−∞ χ ′(s).
The solution has to be rescaled by the constant γ (a)−1 to achieve lims→−∞ χ ′(s) = 1, and then the constant C
becomes C = 1/γ (a). One lets a > 1 vary to reach eventually a minimum for 1/γ (a). All this can be done with
a very simple C program and a standard C compiler. As the calculation is very fast, a simple minded dichotomy
method is good enough to minimize 1/γ (a). In this way one gets optimal numerical values a ≈ 2.2167155 . . . ,
γ (a) ≈ 0.5118011931978 . . . and C = 1/γ (a) ≈ 1.9538836823 . . . . Since the fourth order Runge–Kutta method of
step 10−3 is expected to have accuracy better than 10−7, this implies in any case C < 1.954. For the details of the
program, we refer to the webpage of Xiangyu Zhou or to the website of the journal.
7. Proof of Corollary 1.5
Without loss of generality, we may assume z = 0. Then the Suita conjecture becomes(
cΩ(0)
)2  πKΩ(0).
Let X = Ω , w = z, ϕ = 0 and ψ(z) = 2GΩ(z,0)−2 log |z| in Theorem 1.4. Then the theorem tells us that there exists
a holomorphic function F on Ω , such that
F(0) = 1 and
∫
Ω
|F |2 dV = 1
2
∫
Ω
|F |2√−1dz ∧ dz¯ Cπ
(cΩ(0))2
.
Since
KΩ(0)
|f (0)|2∫
Ω
|f |2 dV
for any nonzero holomorphic function f on Ω , we can obtain Corollary 1.5.
Blocki in [2] proved that (cΩ(z))2 CπKΩ(z) for C = 2 using a different method.
8. Properties of normal currents
In this section, we discuss some properties of normal currents. The following lemma of normal currents is
from [16].
Lemma 8.1. Let u be a normal current on Rm, then there exist two currents g and f , both of which have L1 coeffi-
cients, such that u = g + df . Moreover, g = 0 if du = 0.
The following proposition is essentially contained in [13]. Since [13] uses the more general theory on flat currents,
we give a simple proof of the proposition without using flat currents.
Proposition 8.2. Let Ω be a domain in Cn and h ∈ C2(Ω) be a function satisfying |dh||{h=0} 
= 0. Put H = {h = 0}.
Assume that T =∑′|I |=p,|J |=p TI J¯ dzI ∧ dz¯J be a normal (p,p)-current on Ω . Let u be a C2 (2n− 2p)-form on Ω
satisfying dh∧ u|H = 0. Then 1HT ∧ u = 0 on Ω in the current sense, where 1H is the characteristic function of H .
Proof. Let θ be a smooth function on R satisfying
0 θ  1, supp θ ⊂ (−1,1) and θ(x) = 1 when |x| 1 .
3
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1HTIJ¯ = lim
ε→0 θ
(
h
ε
)
TIJ¯ .
Since dh∧ u|H = 0 and u is a C2 form, dh∧uε |{|h|<2ε} is uniformly bounded on any compact subset of Ω with respect
to ε. By Lemma 8.1, we have T = G + dS, where G and S are currents with L1 coefficients. Therefore, for any
smooth test function f , we have
〈1HT ∧ u,f 〉 = lim
ε→0
〈
θ
(
h
ε
)
(G+ dS), f u
〉
= lim
ε→0
〈
θ
(
h
ε
)
(dS), f u
〉
= lim
ε→0
〈
dS, θ
(
h
ε
)
f u
〉
= lim
ε→0
〈
S,d
(
θ
(
h
ε
))
∧ (f u)
〉
= lim
ε→0
〈
S,f θ ′
(
h
ε
)
dh∧ u
ε
〉
= 0.
In conclusion, 1HT ∧ u = 0 on Ω in the sense of currents. 
9. Proof of Theorem 1.6
In this section, we will prove Theorem 1.6.
Let χ be a smooth function on R2n with compact support satisfying 0 χ  1,
∫
R2n χ dV = 1 and χ(x) = χ(y)
when |x| = |y|. Define χε(x) = 1ε2n χ(xε ). The following lemmas will be used in the proof of Theorem 1.6. In this
section, we will use 1K to represent the characteristic function of a set K .
Lemma 9.1. Let D be a bounded domain in R2n with C2 boundary bD, fj (1 j N) be continuous functions on
D and Tj (1 j N) be complex measures on R2n satisfying
∫
R2n
∑N
j=1 1bDfjTj = 0. Then
lim
ε→0
∫
D
N∑
j=1
(Tj ∗ χε)fj dV =
∫
R2n
N∑
j=1
1DfjTj .
Proof. Since χ(x) = χ(−x), we have
∫
D
N∑
j=1
(Tj ∗ χε)fj dV =
∫
R2n
N∑
j=1
1D(Tj ∗ χε)fj dV =
∫
R2n
N∑
j=1
(
(1Dfj ) ∗ χε
)
Tj .
Since limε→0(1Dfj ) ∗ χε|D = fj |D and limε→0(1Dfj ) ∗ χε|bD = 12fj |bD , it is easy to get the conclusion. 
Lemma 9.2. Let Ω and D be as in Theorem 1.6. Let u be a subharmonic function on Ω . Then ∫
bD
|u|dS < ∞.
Proof. Since u is subharmonic, u is bounded above on compact set in Ω . Hence it suffices to prove that∫
bD
udS > −∞. Define uε = u ∗ χε , where χε has been defined above. Then
∫
bD
udS = limε→0
∫
bD
uε dS by the
monotone convergence theorem. By the Green–Riesz formula, we have∫
(ρuε − uερ)dV =
∫ (
ρ(νuε)− uε(νρ)
)
dS,D bD
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and ρ = 0 on bD, we get ∫
bD
uε dS =
∫
D
(uερ − ρuε)dV .
It is easy to see that limε→0
∫
D
uερ dV =
∫
D
uρ dV and
lim
ε→0
∫
D
ρuε dV = lim
ε→0
∫
Ω
ρ˜uε dV =
∫
Ω
ρ˜udV < +∞,
where ρ˜|D = ρ and ρ˜|Ω\D = 0. Hence ∫
bD
udS = lim
ε→0
∫
bD
uε dS > −∞.
In conclusion, we have proved this lemma. 
Lemma 9.3. Let h be a function in L1loc(Ω) such that h is a measure, where Ω is a domain in Rm (m  2) and
 =∑mj=1 ∂2∂xj ∂xj . Then ∂∂xj h is a function in L1loc(Ω).
Proof. Let N(x) be the Newton kernel on Rm, which is defined by
N(x) =
{ 1
2π log |x| if m = 2,
1
m(2−m)Vol(B(0,1)) |x|2−m if m> 2.
Since the conclusion is local, we can assume that h has compact support. Then we regard h ∗ N as a convolution
of two distributions. Since h ∗ N = h ∗ N = h ∗ δ0 = h, we have ∂∂xj h = h ∗ ∂∂xj N . Since ∂∂xj N is in L1loc(Ω)
and h is a measure, we obtain that h ∗ ∂
∂xj
N is in L1loc(Ω). 
By using Proposition 8.2, we can obtain the following result, which will be used to handle the term∫
D
n∑
j,k=1
(−∂j ∂¯kη)βj¯ β¯k¯e−ϕ dV
in the twisted Bochner–Kodaira identity.
Proposition 9.4. Let Ω be a domain in Cn and D ⊂⊂ Ω be a domain with C2 boundary bD. Let ξ =∑ni=1 ξi¯ dz¯i and
ζ =∑ni=1 ζi¯ dz¯i be two (0,1)-forms in C2(0,1)(D) ∩ DomD(∂¯∗ϕ). Assume that T =∑ni,j=1 Tij¯ dzi ∧ dz¯j is a normal
current on Ω . Then the measure
∑n
i,j=1 1bDξi¯ ζ¯j¯ Tij¯ = 0 on Ω .
Proof. Let ρ be a C2 defining function for D. Since ξ, ζ ∈ C2(0,1)(D) ∩ DomD(∂¯∗ϕ), we have
∑n
i=1 ξi¯
∂ρ
∂zi
|bD = 0 and∑n
i=1 ζi¯
∂ρ
∂zi
|bD = 0. Let
u =
n∑
i,j=1
ξi¯ ζ¯j¯
(
(
√−1)n dz1 ∧ dz¯1 ∧ · · · ∧ dzn ∧ dz¯n) ∂
∂zi
 ∂
∂z¯j
.
It is easy to see that there exists a C2 (2n − 2)-form u˜ on Ω such that u˜|D = u. Then we have dρ ∧ u˜|bD = 0.
Therefore, by Proposition 8.2, 1bDT ∧ u˜ = 0 on Ω . Hence the measure ∑ni,j=1 1bDξi¯ ζ¯j¯ Tij¯ = 0 on Ω . 
Now, we are going to prove Theorem 1.6.
Define ηε = η ∗ χε . Since the twisted Bochner–Kodaira identity holds for smooth twist factor (see [25] for a proof
of this), it holds for ηε . Hence we need only to check the equalities
600 L.F. Zhu et al. / J. Math. Pures Appl. 97 (2012) 579–601(1) lim
ε→0
∫
D
n∑
j,k=1
(
βj e
−ϕ)βk(∂j ∂kη ∗ χε) dV =
∫
D
n∑
j,k=1
(
βj e
−ϕ)βk∂j ∂kη dV,
(2) lim
ε→0
∫
D
uηε dV =
∫
D
uη dV,
(3) lim
ε→0
∫
D
u(∂jη ∗ χε) dV =
∫
D
u∂jη dV,
(4) lim
ε→0
∫
bD
u(η ∗ χε) dS =
∫
bD
uη dS,
where u represents an arbitrary continuous function on D.
Since −η is a plurisubharmonic function on Ω , we know that η is a function in L1loc(Ω). Hence (2) holds. More-
over, −√−1∂∂¯η is a closed positive current on Ω and ∂k∂¯lη (1  k, l  n) are all complex measures on Ω (see
Demailly’s e-book [8]). Since  = 4∑ni=1 ∂i ∂¯i , by Lemma 9.3 we can see that ∂∂zj η (1 j  n) and ∂∂z¯j η (1 j  n)
are all in L1loc(Ω). Therefore, (3) holds. Since ηε converges to η when ε → 0, we can obtain (4) by Lemma 9.2 and
the Lebesgue dominated convergence theorem.
Let λ be a smooth cut-off function such that λ = 1 on an open neighborhood of D and suppλ ⊂⊂ Ω . Then λ∂∂¯η
is a normal current on Ω . By applying Proposition 9.4 to λ∂∂¯η and using Lemma 9.1, it is easy to see that (1) holds.
Hence we have proved Theorem 1.6.
10. Proof of Theorem 1.7
We need to use the following simple lemma.
Lemma 10.1. Let Ω be a domain in Cn and f be a distribution on Ω such that f is a positive measure. Then there
exists a unique locally integrable subharmonic function g such that f is the distribution associated to g.
For a proof, the reader is referred to Chapter I in Demailly’s e-book [8].
Like the proof of Theorem 1.6, we only need to check the four equalities in the above section in order to prove
Theorem 1.7. Since (1), (2) and (3) can be obtained by the same arguments, we only need to check equality (4).
Let λ be a smooth cut-off function such that λ = 1 on an open neighborhood of D and suppλ ⊂⊂ Ω . From the
conditions in the theorem, we know that (λη) is a compactly supported regular real Borel measure on Cn. Hence
there exist two compactly supported regular positive Borel measures μ1 and μ2 such that (λη) = μ1 −μ2 on Cn. Let
N(x) be the Newton kernel. Define η1 = μ1 ∗ N and η2 = μ2 ∗ N . Then η1 = μ1 and η2 = μ2. By Lemma 10.1,
η1 and η2 can be considered as subharmonic functions on Cn. Since (λη) ∗ N = λη, we get λη = η1 − η2 on Cn.
Since η ∈ L1loc(Ω)∩C0(Ω \H), we have limε→0 η∗χε = η on Ω \H . Since equality (4) holds for η1 and η2, we have
lim
ε→0
∫
bD
u(η ∗ χε) dS = lim
ε→0
∫
bD
u
(
(λη) ∗ χε
)
dS
= lim
ε→0
∫
bD
u(η1 ∗ χε − η2 ∗ χε) dS
=
∫
bD
u lim
ε→0(η1 ∗ χε − η2 ∗ χε) dS
=
∫
bD
u
(
lim
ε→0η ∗ χε
)
dS
=
∫
bD
uη dS.
Hence we get Theorem 1.7.
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